Abstract. We have performed a detailed investigation on the world investment networks constructed from the Coordinated Portfolio Investment Survey (CPIS) data of the International Monetary Fund, ranging from 2001 to 2006. The distributions of degrees and node strengthes are scale-free. The weight distributions can be well modeled by the Weibull distribution. The maximum flow spanning trees of the world investment networks possess two universal allometric scaling relations, independent of time and the investment type. The topological scaling exponent is 1.17 ± 0.02 and the flow scaling exponent is 1.03 ± 0.01.
Introduction
The constituents of a complex system and their interactions can be characterized by a complex network. The network perspective has stimulated explosive interests in the research of social, informational, technological, and biological systems, resulting in deeper understanding of complex systems [1, 2, 3, 4] . As a part of social systems, the network properties of many economic and financial systems have been studied. This literature grows fast and we try to present a very brief review below.
The stocks in a stock market belong to different industrial sectors. Generally speaking, the prices of stocks in the same sector evolve in a correlated manner. If we treat each stock as a node and the distance of two stocks based on the cross-correlation coefficient as the weight linking the two nodes, then the market forms a network. The minimal spanning tree extracted from the distance matrix can be used to investigate the hierarchical structure of a portfolio of stocks, which is usually related to industrial sectors [5, 6, 7, 8] . Other topological properties of stock market networks are also studied for different markets [9, 10, 11] .
Alternatively, rather than considering a portfolio stocks, the price time series of a single stock can also be mapped into networks, which enables us to investigate the dynamics of a stock through its network structure. There are several methods for this purpose. For a pseudoperiodic time series, one can partition it into disjoint cycles according to the local minima or maxima, and each cycle is considered a basic node of a network, in which two nodes a e-mail: wxzhou@ecust.edu.cn are deemed connected if the phase space distance or the correlation coefficient between the corresponding cycles is less than a predetermined threshold [12] . We note that a weighted network can also be constructed if the phase space distance or the correlation coefficient is treated as the weigh of a link. This method for pseudoperiodic time series can also be generalized to other time series, which has been applied to stock time series [13] . Other methods for network construction from time series are based on fluctuation patterns [14, 15] , visibility of nodes [16] , and so on.
There are also intense interests in the study of world trade webs, which describe the international trade relations between different economies. Serrano and Boguñá have constructed a world trade web utilizing the COM-TRADE database of the United Nations Statistics Division and pointed out that the world trade web exhibits typical features of complex networks [17] . A fitness model [18] has been proposed to reproduce the topology of world trade webs based on a different and more detailed data set [19] , in which the fitness of a node is associated with the GDP of the corresponding economy. The fitness model was then extended to an evolving and directed description of world trade webs [20] . Furthermore, the interrelation between the topology of a world trade web and the GDP of countries has been elaborated [21] . The world trade web can also be described by weighted networks, in which not only the topology but also the trade volume are considered [22, 23] . A gravity model was used to model the weighted world trade web [24, 23] . The world trade webs also show universal allometric scaling [25] , synchroniza- 2001  195 3244 2397  167 2261 1701  168 2655 1959  120  971  778  168 2649 1961  2002  194 3325 2477  172 2315 1737  174 2710 2042  136 1043  864  172 2716 2044  2003  197 3597 2649  177 2930 2216  176 2910 2193  134 1108  888  170 2893 2167  2004  193 3791 2774  174 3111 2344  173 3136 2339  133 1156  930  165 2968 2258  2005  195 4001 2926  173 2764 2055  170 3349 2482  130 1260 1016  164 3117 2367  2006  210 4483 3248  193 3187 2353  182 3592 2638  145 1353 1080  172 3415 2528 tion [26] , community structure [27] , and rich-club structure [23] . There are also other economic networks, such as the world exchange arrangements web [28] , the "product space" networks [29] , the venture capital networks [30, 31] , the stock investment networks [32] , and the bank connection networks [33] . In this work, we shall study the statistical properties of a new economic network named the world investment network (WIN). The remainder of the work is organized as follow. In Section 2, we briefly describe the data sets adopted and construct the world investment networks. We investigate the basic statistical properties of unweighted networks in Section 3 and weighted networks in Section 4. We further study the allometric scaling in Section 5. Section 6 concludes.
Constructing world investment networks
We construct the world investment networks using the Coordinated Portfolio Investment Survey (CPIS) data released by the International Monetary Fund (IMF). The CPIS data are publicly available and can be retrieved from the IMF web site. There are five kinds of data including total portfolio investment (TP), equity securities (ES), total debt securities (TD), long-term debt securities (LD), and short-term debt securities (SD). All these data are recorded from 2001 to 2006. Therefore, there are 30 tables in total. Each table contains the investment information among different economies.
A directed and weighted network can be constructed from each table. In each network, the nodes represent economies. If economy i invests in economy j, we can draw a directed link i → j from node i to node j, to which a weight identical to the investment volume is assigned. The directed and weighted network can be fully expressed by a matrix W , where the element w ij stands for the investment volume from economy i to economy j. We note that w ii = 0 for all economies and w ij = 0 if economy i does not invest in j. The matrix W does not need to be symmetric, that is, w ij = w ji . A schematic diagram is illustrated in Figure 1 , which is a part of the network constructed from the ES data in 2001. When w ij = 0, there is no link from i to j in the figure. The directed network W can be converted into an undirected network G, whose weight is determined by
For convenience, directed and undirected links are called arcs and edges, respectively. Let N v be the number of nodes of network W . Then, the number of arcs of W is
where the indicator function I(x) equals to 1 if x > 0 and 0 otherwise, and the number of edges of G is
It is obvious that 2N e N a . 3 Basic statistical properties of unweighted world investment networks
Undirected networks
An undirected and unweighted network A can be extracted from an undirected and weighted network G. We note that A is the adjacency matrix of G. The element a ij of A can be determined as follows,
Speaking differently, a ij = 1 if economy i invests in j or j invests in i or both, and a ij = 0 otherwise. We first investigate the degree distribution of nodes for each network. The degree of node i can be calculated as follows
(5) Figure 2 shows the degree distributions for the 30 undirected networks. For clarity, the data for different types of investment are shifted vertically. For the networks constructed from the same investment type, the six degree distributions for different years almost collapse onto a single curve. For the networks from different investment types, the distributions are different from each other. An evident feature of the degree distributions is that they all exhibit a power-law behavior:
It means that the world investment networks are scalefree. The power-law exponent γ can be estimated through a linear least-squares regression to fit the data in log-log coordinates. Table 2 reports the exponents γ for all the networks. It is found that, for each type of networks, the exponents γ slightly decreases along time. The observation means that there are more highly connected economies recently, also indicating an increase in globalization. (4) 1.04 (11) The average minimum path length is among the most studied quantities of complex networks. Table 3 lists the path length of all the networks. We see that the values of average minimum path length are quite small. For the TP, TD and LD networks, the average minimum path length decreases. For the ES networks, the average minimum path length does not have a clear trend and reaches a maximum value in 2006. For the SD networks, it is also hard to identify an evident trend. It is noteworthy to point out that the average minimum path length does not change much from one year to another. The clustering coefficient of a node is a measure of the cluster structure indicating how much the adjacent vertices of its adjacent vertices are its adjacent vertices. In other words, the clustering coefficient of node is the ratio of the number of existing edges between its adjacent vertices to the number of possible edges between them. Table 4 presents the average clustering coefficients for all the networks. The average clustering coefficients of networks with the same investment type are almost the same for different years. A closer scrutiny shows that, the aver-age clustering coefficient roughly decreases along time for the ES type and increases for the other four types. 
Directed networks
A directed and unweighted network B is the adjacency matrix of the corresponding directed and weighted network W . The element b ij of B can be determined as follows,
Speaking differently, b ij = 1 if economy i invests in economy j and b ij = 0 otherwise. The in-degree k in , out-degree k out , and all-degree γ all are defined by, We observe that the probability distributions of the degrees are consistent with a power-law behavior:
where io = in for in-degrees, io = out for out-degrees, and io = all for all-degrees. Linear least-squares regressions give the estimates of the three power-law exponents: γ all = 1.17 ± 0.07 for all-degrees, γ in = 1.06 ± 0.07 for indegrees, and 0.58 ± 0.06 for out-degrees, respectively. The exponents γ all , γ in , and γ out for the all the directed and unweighted networks are reported in Table 5 . (6) 1.17 (7) 1.00 (7) 1.20 (14) 1.00 (7) We also report in Table 6 the average minimum path lengthes of the constructed directed networks. We find that, for each type of investment, the average minimum path length gradually decreases from 2001 to 2005, followed by a sharp increase in 2006. This is not surprising and can be explained as follows. According to Table 1 We apply the Weibull and the q-exponential distributions to model the weight distributions [34, 35] . The Weibull probability density p w (w) can be written as
and its complementary (cumulative) distribution function
When β = 1, p w (w) recovers the exponential distribution. When 0 < β < 1, p w (w) is a stretched exponential or subexponential. When β > 1, p w (w) is a super-exponential. The q-exponential probability density p q (w) is defined by
and its complementary cumulative distribution function C q (w) is
Usually, we have q > 1. When (1 − q)(−µw) ≫ 1, we observe a power-law behavior in the tail C q (w) ∼ w
with a tail exponent of 1/(q − 1). We adopt the nonlinear least-squares estimator (NLSE) to calibrate the weight distributions. The objective function in the fitting is
2 , wherep(w) is the empirical data. The resultant fits are also illustrated in Figure 4 . The parameters of the two models and the corresponding root-meansquare values χ w and χ q of the fitting residuals are shown in Table 7 . It is evident from Figure 4 that the Weibull is a better model than the q-exponential, which is confirmed by the much smaller values of χ q compared with χ w in Table 7 . We also find that the values of α and β remain constant from 2001 to 2006. Very similar results are observed for the ES, TD, SD and LD networks (see Table  A1 and Table A2 in the Appendix). 
Distribution of node strength
For weighted networks, the node strength is a generalization of the degree, which is defined by
The node strength distributions of all the directed and weighted networks are illustrated in Figure 5 . For all the node strength distributions shown in Figure  5 ), we see nice power-law behaviors p(s) ∼ s −γs (15) The solid lines are the best fits to the data. The powerlaw exponents γ s are depicted in Table 8 (4) 1.12(3) 1.07(2) 1.11(4) 1.08(3) 2002 1.13(4) 1.13(7) 1.08(2) 1.13(4) 1.08(2) 2003 1.11(4) 1.06(2) 1.06(2) 1.11(4) 1.06(2) 2004 1.09(3) 1.11(4) 1.11(4) 1.10(3) 1.04(2) 2005 1.08(3) 1.13(4) 1.10(4) 5 Universal allometric scaling laws
Unweighted world investment networks
Allometric scaling laws are ubiquitous in networking systems such as metabolism of organisms and ecosystems river networks, food webs, and so on [36, 37, 38, 39, 40, 41, 42] . For economic systems, the world trade webs also exhibits a universal allometric scaling [25] . For a complex network, a minimal spanning tree can be extracted. Each node of the tree is assigned a number 1. Two values A i and C i are defined for each node i in a recursive manner as follows:
and
where J(i) stands for the set of daughter nodes of i and A 1 = C 1 = 1 [40] . The allometric scaling relation is then highlighted by the power law relation between C i and A i :
We note that not all trees have such allometric scaling, such as the classic Cayley trees [43] . For spanning trees extracted from transportation networks, the power law exponent η is a measure of transportation efficiency [40, 42] . The smaller is the value of η, the more efficient is the transportation. Any spanning tree can range in principle between two extremes, that is, the chain-like trees and the star-like trees. A chain tree has one root and one leaf with no branching. For chain-like trees, it is easy to show that A i = i and C i = i(i + 1)/2. Asymptotically, we have a power between C i and A i with the exponent η = 2 − . For star-like trees of size n, there are one root and n − 1 leaves directly connected to the root. We have A = C = 1 for all the leaves and A = n and C = 2n − 1 for the root. It follows approximately that η = 1 + . Therefore, if the relation (18) holds, the exponent should be 1 < η < 2.
For each undirected and unweighted network, a minimal spanning tree can be obtained. The calculated C is plotted in Fig. 6 as a function of A for each network. Nice power-law relations are observed between C and A. The points (A = 1, C = 1) for the leaves are not shown [42] . For each investment type, the data points of the six networks collapse onto a single curve. Nice power-law behaviors are observed in Figure 6 . A linear fit of ln C against ln A gives the estimate of η for each network. The trivial point (A = 1, C = 1) should be excluded from the fitting [42] . The resulting exponents are listed in Table 9 . We find that the exponents are almost the same for different investment types and different years, which means that the power-law allometric scaling is universal for the world investment networks. This value of η is comparable to η = 1.13 ∼ 1.16 for food webs [42] , but much smaller than η = 1.3 for world trade webs [25] and η = 1.5 for river networks [40] .
Weighted world investment networks
When studying the world trade webs, Duan proposed a framework of flow allometric scaling analysis for weighted networks [25] , (2) and
where J(i) is the set of daughter nodes of i, w i stands for the total weight flowed into node i, f A i is the weighted quantity of resources and f C i stands for the weighted transferring cost. For the leaves, the carried values of f A and f C are identical to the investment volumes. One can also expect for certain network that the allometric scaling relation exists between f C i and f A i :
in which the exponent ζ is called the flow allometric scaling exponent [25] . We adopt this analysis on the maximum-flow spanning trees of the undirected and weighted world investment networks. The maximum-flow spanning trees of the investment networks can be obtained [25] . Figure 7 plots f C with respect to f A in double logarithmic coordinates. For each investment type, the data points of the six networks collapse onto a single curve, independent of the time. Evident power-law behaviors are observed between f C and f A for all the weighted networks under investigation.
The curves seem parallel for different types of networks. The flow scaling exponents ζ are estimated by the slopes of the linear fits of ln f C with respect to ln f A. The exponents ζ are reported in Table 10 . We find that the flow allometric scaling exponents are almost the same for different investment types and different years, which means that the power-law allometric scaling is universal for the world investment networks. It is interesting to point out that this ζ value of the world investment networks is close to the flow allometric scaling exponent of the world trade webs [25] . 
Conclusion
In this work, we have constructed a new type of economic networks based on the Coordinated Portfolio Investment Survey data released by the International Monetary Fund, which records data from 2001 to 2006. We have studied the statistical properties of these world investment networks. Our results show that there is an increasing globalization in the past few years under investigation.
The degree distributions are scale-free for all the constructed networks. For the same investment type of data, the average path length and average clustering coefficient are almost the same for different years with a weak trend. When we regard the world investment networks as weighted networks, the Weibull and q-exponential distributions are utilized to fit the weight distribution by means of a nonlinear least-squares estimator. We find that the Weibull model remarkably outperforms the q-exponential model. In addition, the node strength distributions are found to exhibit nice power-law behaviors.
We also investigated the allometric scaling of the minimal spanning trees and the maximum-flow spanning trees of the world investment networks. There are two universal allometric scaling exponents characterizing the topological structure and the investment pattern of the networks. We find that the topological scaling exponent is η = 1.17±0.02 and the flow scaling exponent is ζ = 1.03±0.01. The topological scaling exponent is found to be close to that of the food webs and smaller than that of the world trade webs, while the flow scaling exponent is comparable to that of the world trade webs. 
